Birth of the GUP and its effect on the entropy of the Universe in
  Lie-$N$-algebra by Sepehri, Alireza et al.
ar
X
iv
:1
70
5.
11
06
6v
1 
 [p
hy
sic
s.g
en
-p
h]
  2
9 M
ay
 20
17
Birth of the GUP and its effect on the entropy of the Universe in Lie-N-algebra
Alireza Sepehri 1,2 ∗
1Faculty of Physics, Shahid Bahonar University, P.O. Box 76175, Kerman, Iran.
2 Research Institute for Astronomy and Astrophysics of Maragha (RIAAM), P.O. Box 55134-441, Maragha, Iran.
Anirudh Pradhan 3†
3Department of Mathematics, Institute of Applied Sciences and Humanities,
G L A University, Mathura-281 406, Uttar Pradesh, India.
Richard Pincak 4,5 ‡
4 Institute of Experimental Physics, Slovak Academy of Sciences, Watsonova 47, 043 53 Kosice, Slovak Republic.
5 Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980 Dubna, Moscow region, Russia.
Farook Rahaman 6 §
6 Department of Mathematics, Jadavpur University, Kolkata 700 032, West Bengal, India.
A. Beesham 7¶
4 Department of Mathematical Sciences, University of Zululand, Kwa-Dlangezwa 3886, South Africa.
Tooraj Ghaffary 8∗∗
8 Department of Sciences, Shiraz Branch, Islamic Azad University, Shiraz, Iran
(Dated: September 27, 2018)
In this paper, the origin of the generalized uncertainty principle (GUP) in an M -dimensional
theory with Lie-N-algebra is considered. This theory which we name GLNA(Generalized Lie-N-
Algebra)-theory can be reduced to M -theory with M = 11 and N = 3. In this theory, at the
beginning, two energies with positive and negative signs are created from nothing and produce
two types of branes with opposite quantum numbers and different numbers of timing dimensions.
Coincidence with the birth of these branes, various derivatives of bosonic fields emerge in the action
of the system which produce the r GUP for bosons. These branes interact with each other, compact
and various derivatives of spinor fields appear in the action of the system which leads to the creation
of the GUP for fermions. The previous predicted entropy of branes in the GUP is corrected as due
to the emergence of higher orders of derivatives and different number of timing dimensions.
PACS numbers: 98.80.-k, 04.50.Gh, 11.25.Yb, 98.80.Qc
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I. INTRODUCTION
An interesting result of respective hypotheses of quantum gravity,M -theory and field theory is the creation of a min-
imum measurable length. This leads to a modification of the Heisenberg uncertainty principle (HUP) or equivalently,
modified commutation relations between position coordinates and momenta, which is well known as the generalized
uncertainty principle (GUP)[1–7]. There are different versions of the GUP. One version and the comparable modified
commutators between position and momentum coordinates contain the quadratic terms, and are given by [8, 9]:
∆xi∆pi ≥
~
2
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(
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)
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(
(∆pi)
2+ < pi >
2
)
], i = 1, 2, 3
[xi, pi] = i~(δij + βδijp
2 + 2βpipj) (1)
where p2 = Σ3j=1pipj , β =
β0
MP c2
and MP is the Planck mass. On the other hand, another version of the GUP has
been proposed which is uniform with the above as well as with Doubly special relativity (DSR) theories, and includes
linear terms in additional to the quadratic terms [10–14]:
∆xi∆pi ≥
~
2
[1 +
( α√
< p2 >
+ 4α2
)
∆p2 + 4α2 < p >2 −2α
√
< p2 >], i = 1, 2, 3
[xi, pi] = i~
(
δij − α
(
δijp+
pipj
p2
)
+ α2
(
δijp
2 + 3pipj
))
(2)
where α = α0MP c .
Now, the question that arises is what is the reason for the emergence of terms with different orders in the GUP.
We answer this question in an M -dimensional theory with Lie-N -algebra. We name it GLNA-theory. In this
theory, firstly, two types of energies with opposite signs are produced, excited and create two types of branes with
differing numbers of timing dimensions and quantum numbers. During the formation of branes, various bosonic fields
emerge such that the order of derivatives in their time-spatial wave equations changes from zero to higher numbers
corresponding to the number of dimensions of branes (p), the universe (M) and the algebra (N). This leads to the
appearance of terms with different orders of momenta in energy-momentum space. On the other hand, by compacting
branes, fermions emerge and their wave equations contain various orders of derivatives. Thus, different versions of
the GUP are produced in which their shapes depend on the number of dimensions of branes and the algebra. Each
of these versions produces a special entropy for which the order of terms in it grows with the increase in the number
of dimensions of the brane.
In section II, we consider the process of the emergence of GUP during the formation of branes in the Lie-N -algebra.
In section III, we have obtained the corrected entropy by using the exact form of the GUP for a p-dimensional brane.
The summary and conclusion are given in the last section. The units used throughout the paper are: ~ = c = 8piG = 1.
II. EMERGENCE OF GUP IN LIE-N-ALGEBRA
In this section, first, we obtain the action of p dimensional branes in a universe with M-dimensions and Lie-N -
algebra. Then, by extracting the wave equation of motion, we show that various derivatives appear for which their
orders change from zero to the dimensions of the branes. After that, by replacing these derivatives with momenta, we
obtain exact forms of the GUP for each brane in the universe. We observe that the number of terms and their orders
depend on the dimension of the branes and the algebra.
Firstly, we should introduce the general form of actions in Lie-N -algebra. Previously, it has been shown that all Dp-
branes in string theories are built from D0-branes which follow from Lie-two-algebras with two dimensional brackets
[15–25]. Also, all Mp-branes in M -theory are constructed from M0-branes which arise from a Lie-three-algebra with
three dimensional brackets [26–29]. Now, by using the Lie-N -algebra and generalizing dimensions to M , we construct
a new theory which includes all the properties of string theory and M -theory and resolve the puzzles in them. To
show this, we begin of the action for the Dp-brane [22–25]:
S = −
TDp
2
∫
dp+1x
p∑
n=1
βnχ
µ0
[µ0
χµ1µ1 ...χ
µn
µn]
(3)
χµν ≡ δ
µ
νSTr
(
− det(Pab[EmnEmi(Q
−1 + δ)ijEjn] + λFab)det(Q
i
j)
)1/2
(4)
where
Emn = Gmn +Bmn, Q
i
j = δ
i
j + iλ[X
j , Xk]Ekj (5)
3λ = 2pil2s and Gab = ηab + ∂aX
i∂bX
i and X i are scalar strings that link to branes. In this equation, a, b = 0, 1, ..., p
are the world-volume indices of the Dp-branes, i, j, k = p + 1, ..., 9 are the indices of the transverse space, and m,n
are related to ten-dimensional spacetime indices. Also, TDp =
1
gs(2pi)pl
p+1
s
refers the tension of the Dp-brane, ls is
the string length and gs refers to the string coupling. Now, we can show that the action of the Dp-brane can be
constructed by summing over actions of D0-branes. To this end, we make use of the rules below [15, 17, 22–25]:
Σpa=0Σ
9
m=0 →
1
(2pils)p
∫
dp+1σΣ9m=p+1Σ
p
a=0 λ = 2pil
2
s
i, j = p+ 1, .., 9 a, b = 0, 1, ...p m, n = 0, 1, .., 9
i, j → a, b⇒ [Xa, X i] = iλ∂aX
i [Xa, Xb] =
iλF ab
2
1
Q
→
p∑
n=1
1
Q
(∂aX
i∂bX
i +
λ2
4
(F ab)2)n
det(Qij)→ det(Q
i
j)
p∏
n=1
det(∂anX
i∂bnX
i +
λ2
4
(F anbn)2) (6)
Using the above laws, we can show that the action of Dp-branes can be written in terms of two dimensional brackets
[15, 17, 22–25]:
SDp = −(TD0)
p
∫
dt
p∑
n=1
βn
(
δa1,a2...anb1b2....bn L
b1
a1 ...L
bn
an
)1/2
(L)ba = Tr
(
Σpa,b=0Σ
9
j=p+1([X
a, Xj][Xb, Xj] + [X
a, Xb][Xb, Xa] + [X
i, Xj][Xi, Xj ])
)
(7)
where we have made use of the antisymmetric properties for δ. At this stage, we can show that the above action is
built by summing over the actions of D0-branes by using the definition below for the D0-brane [15–25]:
SD0 = −TD0
∫
dtT r(Σ9m=0[X
m, Xn]2) (8)
Replacing the two dimensional brackets in the Lie-two-algebra by three dimensional brackets in the Lie-three-
algebra, we obtain the action of the M0-branes[15–22, 26–29]:
SM0 = TM0
∫
dtT r(Σ10M,N,L=0〈[X
M , XN , XL], [XM , XN , XL]〉) (9)
where XM = XMα T
α and
[Tα, T β, T γ ] = fαβγη T
η
〈Tα, T β〉 = hαβ
[XM , XN , XL] = [XMα T
α, XNβ T
β, XLγ T
γ ]
〈XM , XM 〉 = XMα X
M
β 〈T
α, T β〉 (10)
where XM (i=1,3,...10) are scalar strings which are linked to the M0-brane. By substituting N -dimensional brackets
instead of three dimensional brackets in the action of (8), we obtain the action of the G0-brane in GLNA-theory
as:
SG0 = TG0
∫
dtT r(ΣML1=L2..LN=0〈[X
L1 , XL2, ...XLN ], [XL1 , XL2, ...XLN ]〉) (11)
where XM = XMα T
α and
4[Tα1 , Tα2 ..TαN ] = fα1..αNαL T
L
〈Tα, T β〉 = hαβ
[XL1 , XL2, ...XLN ] = [XL1α1 T
α1, XL2α2 T
α2, ...XLNαN T
αN ]
〈XM , XM 〉 = XMα X
M
β 〈T
α, T β〉 (12)
The above action reduces to the action of M0-branes by putting N = 3 and M = 10 and also to the action of
D0-branes for N = 2 andM = 9. Now, the question that arises is what is the origin of this brane in GLNA-theory?
To answer this question, we suppose that first, two energies with opposite signs are produced such that the sum over
them is zero. Then, these energies create 2M degrees of freedom which each two of them cause to creation of new
dimension. After that, M − N of degrees of freedom are hidden by compacting half of M-N dimensions on a circle
to create Lie-N -algebra. During this process, the behaviour of some dimensions changes and they form times. Also,
for second energy, the properties of more dimensions change which lead to the emergence of more time coordinates.
Thus, the physics of branes is completely different from anti-branes.
Let us to begin with two oscillating energies which are created from nothing and expands in the M th dimension.
We obtain:
E ≡ 0 ≡ E1 + E2 ≡ 0 ≡ N1 +N2 ≡ k((X
M )2 − (XM )2) = k
∫
d2x(
∂
∂x
)2((XM )2 − (XM )2) (13)
where N1/2 are the number of degrees of freedom for first and second energies. These energies are oscillating, excited
and produce M dimensions with 2M degrees of freedom. This can be shown clearly by rewriting equation (13) as
follows:
E ≡ 0 ≡ k
∫
d2Mxεi1i2...iM εi1i2...iM (
∂
∂xi1
∂
∂xi2
..
∂
∂xiM−1
)2(XM )2 −
k
∫
d2Mxεi1i2...iM εi1i2...iM (
∂
∂xi1
∂
∂xi2
..
∂
∂xiM−1
)2(XM )2 (14)
where, we apply the definition εi1i2...iM εi1i2...iM = −1. We can substitute some brackets instead of derivatives and
write [15–19, 26–29]:
∂
∂xi1
XM = [X i1 , X14]
∂
∂xi1
∂
∂xi2
XM = [X i1 , X i2 , XM ]
(
∂
∂xi1
∂
∂xi2
..
∂
∂xiM−1
)(XM ) = [X i1 , X i2 , ..., X iM−1 , XM ]
εi1i2...iM εi1i2...iM (
∂
∂xi1
∂
∂xi2
..
∂
∂xiM−1
)2(XM )2 =
εi1i2...iM εi
′
1i
′
2...i
′
M [(
∂
∂xi1
∂
∂xi2
..
∂
∂xiM−1
)(XM )][(
∂
∂xi′
1
∂
∂xi′
2
..
∂
∂xi′M−1
)(XM )] =
〈[Xi1 , Xi2 , ..., XiM ], [Xi1 , Xi2 , ..., XiM ]〉 (15)
Applying the relations of Eq. (15) in Eq. (14), we get:
E ≡ 0 ≡ E1 + E2 ≡
E1 = k
∫
d2Mx〈[Xi1 , Xi2 , ..., XiM ], [Xi1 , Xi2 , ..., XiM ]〉
E2 = −k
∫
d2Mx〈[Xi1 , Xi2 , ..., XiM ], [Xi1 , Xi2 , ..., XiM ]〉 (16)
5The shape of the above energies is similar to the shape of the action of Gp-branes, however their algebra has an
M dimensional bracket, while the G0-brane has an N dimensional bracket and for producing this algebra, we should
remove M −N degrees of freedom by compactification. To achieve this aim, we apply the mechanism in [26–29] and
replace Xin=1,3,5..M−N by iT
in R
l
1/2
P
, where lP is the Planck length. We derive the action below for the first energy:
E1 ≡ k
∫
d2Mx〈[Xi1 , Xi2 , ..., XiM ], [Xi1 , Xi2 , ..., XiM ]〉 =
k
∫
d2Mxεi1i2...iM εi
′
1i
′
2...i
′
MXi1Xi2 ...XiMXi′1Xi′2 ...Xi′M =
(i)2(M−N)k
∫
dNx(
RM−N
l
(M−N)/2
P
)εj1...jN εj
′
1...j
′
NXj1 ...XjNXj′1 ...Xj′N =
(i)2(M−N)k
∫
dNx(
RM−N
l
(M−N)/2
P
)〈[Xj1 , Xj2 , ..., XjN ], [Xj1 , Xj2 , ..., XjN ]〉 =
k
∫
dNx(
RM−N
l
(M−N)/2
P
)〈[iXj1 , iXj2 , ..., iXjM−N .., XjN ], [iXj1 , Xj2 , .., ..., iXjM−N ., XjN ]〉 (17)
where we have defined ε1i2...iM ε1i
′
2...i
′
M = (−i)N−Mεj1...jN εj
′
1...j
′
N . Some scalar strings take one extra (i) and expand
in the time directions. Obviously, in GLNA-theory, there exists M −N time coordinates whereM is the dimension
of the universe and N is the dimension of the algebra. The reason that we only observe one dimension is our living in
a four dimensional universe and observing the three dimensional brackets of M -theory. For this reason, for us, M = 4
and n = 3 and thus we have only one time dimension. For the second energy, for which its sign is opposite to that of
first energy, we have some extra time dimensions:
E2 = −E1 = (i)
2E1 =
k
∫
dNx(
RM−N
l
(M−N)/2
P
)〈[iXj1 , iXj2 , ..., iXjM−N+1.., XjN ], [iXj1 , Xj2 , .., ..., iXjM−N+1., XjN ]〉 (18)
Thus, properties of anti-branes which are created by this energy, are different and we have more time dimensions.
For example, in one four dimensional anti-universe, there exists two time coordinates and all things are changed. In
our universe, the length of an object can be defined by l2 = −t2+ x21 + x
2
2 + x
2
3 where t is time and xi are coordinates
of space, while, in an anti-universe, length is obtained by l˜2 = −t21 − x
2
1 + x
2
2 + x
2
3. Also, energy and momentum,
which is related to the mass with the equation for our universe (m2 = −E2 + P 21 + P
2
2 + P
2
3 ), has this relation
(m2 = −E2 − P 21 + P
2
2 + P
2
3 ) for an anti-universe.
Until now, we have considered only symmetrical compactification. However, maybe during this process, the sym-
metry of the system is broken and only the upper or the lower part of one dimension is compactified, and fermions
emerge (X → ψUψL ) [16]. To include non-symmetrical compactification, we use the mechanism in [17], and com-
pactify the M th dimension of the branes on a circle with radius R by choosing < XM >= i R
l
1/2
p
TM for bosons and
< ψL,M >= iR
1/2
l
1/4
p
TL,M for fermions in the action of (17). We get:
E1 ≡ k
∫
dNx(
RM−N
l
(M−N)/2
P
)
(
〈[iXj1 , iXj2 , ..., iXjM−N .., XjN ], [iXj1 , Xj2 , .., ..., iXjM−N ., XjN ]〉
−i(
RM−N
l
(M−N)/2
P
)〈[iXj1 , iXj2 , ..., iXjM−N ..Tjm′ ., ψR,jN ], [iXj1 , iXj2 , ..., iXjM−N ..Tjm′ ., ψR,jN ]〉))
)
(19)
By choosing γjm = Tjm
R2
lp
, where the γjm ’s are the Pauli matrices in M dimensions, we obtain the action of the
initial energy as follows:
E1 ≡ k
∫
dNx(
RM−N
l
(M−N)/2
P
)
(
〈[iXj1 , iXj2 , ..., iXjM−N .., XjN ], [iXj1 , Xj2 , .., ..., iXjM−N ., XjN ]〉
−i〈[iXj1 , iXj2 , ..., iXjM−N ..γjm′ ., ψR,jN ], [iXj1 , iXj2 , ..., iXjM−N ..γjm′ ., ψR,jN ]〉)
)
(20)
6This action includes both fermionic and bosonic degrees of freedom and supersymmetry emerges. If we assume that
all scalars depend only on one time coordinate and (R = l
1/2
P ), we achieve the action of G0-branes:
SG0 ≡ kVN−1
∫
dt
(
〈[iXj1 , iXj2 , ..., iXjM−N .., XjN ], [iXj1 , Xj2 , .., ..., iXjM−N ., XjN ]〉
−i〈[iXj1 , iXj2 , ..., iXjM−N ..γjm′ ., ψR,jN ], [iXj1 , iXj2 , ..., iXjM−N ..γjm′ ., ψR,jN ]〉)
)
(21)
where VN−1 is the volume of space which is formed by the remaining coordinates. Also, by adding one negative sign
and using equation (18), we obtain the action of the anti-G0-brane:
SAnti−G0 ≡ kVN−1
∫
dt
(
〈[iXj1 , iXj2 , ..., iXjM−N+1.., XjN ], [iXj1 , Xj2 , .., ..., iXjM−N+1., XjN ]〉
−i〈[iXj1 , iXj2 , ..., iXjM−N+1..γjm′ ., ψR,jN ], [iXj1 , iXj2 , ..., iXjM−N+1..γjm′ ., ψR,jN ]〉)
)
(22)
These actions for the G0-brane and the G0-anti-brane contain both bosonic and fermionic fields which are created
due to symmetrical or non-symmetrical compactification of dimensions. Also, time which is a puzzle in cosmology, is
produced by compactification. Thus, we conclude that all fields have the same origin and begin from nothing. Then,
by different compactification, different shapes of matter emerge.
By substituting N-dimensional brackets in equations (21) and (22) instead of two dimensional brackets, and in-
creasing dimensions from 10 to M in action (7), we can obtain the action of the Gp-brane and anti-Gp-brane:
SGp = −(TG0)
p
∫
dt
p∑
n=1
βn
(
δa1,a2...anb1b2....bn L
b1
a1 ...L
bn
an
)1/2
(L)anbn = δ
an
bn
Tr
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(
i2(p−N)〈[Xj1 , ..XjH−1 , Xa1 , ..XaL , XjH ], 〈[Xj1 , ..XjH−1 , Xa1 , ..XaL , XjH ]〉) +
i2(p−N)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(〈[X
j1 , ..XjH , Xa1, ..XaL ], [Xj1 , ..XjH , Xa1 , ..XaL ]〉)−
i2(p−N)+1〈[γj1 , ..XjH−1 , Xa1 , ..XaL , ψR,jH ], 〈[Xj1 , ..XjH−1 , Xa1, ..XaL , ψR,jH ]〉)−
i2(p−N)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(〈[γ
j1 , ..ψR,jH , Xa1, ..XaL ], [Xj1 , ..ψR,jH , Xa1 , ..XaL ]〉)
)
(23)
SAnti−Gp = −(TAnti−G0)
p
∫
dt
p∑
n=1
βn
(
δa1,a2...anb1b2....bn L
b1
a1 ...L
bn
an
)1/2
(L)anbn = δ
an
bn
Tr
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(
i2(p−N+1)〈[Xj1 , ..XjH−1 , Xa1 , ..XaL , XjH ], 〈[Xj1 , ..XjH−1 , Xa1 , ..XaL , XjH ]〉) +
i2(p−N+1)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(〈[X
j1 , ..XjH , Xa1, ..XaL ], [Xj1 , ..XjH , Xa1 , ..XaL ]〉)−
i2(p−N+1)+1〈[γj1 , ..XjH−1 , Xa1 , ..XaL , ψR,jH ], 〈[Xj1 , ..XjH−1 , Xa1, ..XaL , ψR,jH ]〉)−
i2(p−N+1)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(〈[γ
j1 , ..ψR,jH , Xa1 , ..XaL ], [Xj1 , ..ψR,jH , Xa1 , ..XaL ]〉)
)
(24)
To write the actions in terms of gauge fields and derivatives with respect to fields, we have to use some laws.
Extending the rules in equation (6) for M -theory to N -dimensional brackets in GLNA-theory, we can obtain the
following laws [15–18, 23–29]:
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1〈[X
j1 , ..XjH−1 , Xa1 , ..XaL , XjH ], 〈[Xj1 , ..XjH−1 , Xa1, ..XaL , XjH ]〉 =
1
2
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2〈∂a1 ..∂aLX
i, ∂a1 ..∂aLX
i〉
7ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1〈[X
j1 , ..XjH , Xa1 , ..XaL ], [Xj1 , ..XjH , Xa1 , ..XaL ]〉 =
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
(Xj1 ..XjH )2〈F a1..aL , F a1..aL〉
Fa1..an = ∂[a1Aa2..an] = ∂a1Aa2..an − ∂a2Aa1..an + ..
Σm →
1
(2pi)p
∫
dp+1σΣm−p−1i, j = p+ 1, ..,M a, b = 0, 1, ...p m, n = 0, ..,M
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1〈[γ
j1 , ..XjH−1 , Xa1, ..XaL , ψjH ], 〈[Xj1 , ..XjH−1 , Xa1 , ..XaL , ψjH ]〉 =
1
2
iΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2γaL−1〈∂a1 ..∂aL−1ψ
i, ∂a1 ..∂aLψ
i〉
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1〈[X
j1 , ..XjH , Xa1 , ..XaL ], [Xj1 , ..XjH , Xa1 , ..XaL ]〉 =
iΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
(Xj1 ..XjH )2γaL−1〈F¯ a1..aL−1, F¯ a1..aL〉
F¯a1..an = ∂[a1A¯a2..an] = ∂a1A¯a2..an − ∂a2A¯a1..an + ..
Σm →
1
(2pi)p
∫
dp+1σΣm−p−1i, j = p+ 1, ..,M a, b = 0, 1, ...p m, n = 0, ..,M (25)
Here A¯a2..an are fermionic super-partners of gauge bosons Aa2..an and ψ are the fermionic super partners of scalar
strings X . Using the rules of Eq. (25) in action (24 and 23 ), we derive the following action for Gp-branes:
SGp = −(TGp)
∫
dt
p∑
n=1
βn
(
δa1,a2...anb1b2....bn L
b1
a1 ...L
bn
an
)1/2
(L)anbn = δ
an
bn
Tr
(1
2
i2(p−N)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2〈∂a1 ..∂aLX
i, ∂a1 ..∂aLX
i〉+
i2(p−N)ΣNL=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
(Xj1 ..XjH )2〈F a1..aL , F a1..aL〉 −
1
2
i2(p−N)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2γaL−1〈∂a1 ..∂aL−1ψ
i, ∂a1 ..∂aLψ
i〉 −
i2(p−N)+1ΣNL=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
γaL−1(Xj1 ..XjH )2〈F¯ a1..aL−1 , F¯ a1..aL〉
)
(26)
SAnti−Gp = −(TAnti−Gp)
∫
dt
p∑
n=1
βn
(
δa1,a2...anb1b2....bn L
b1
a1 ...L
bn
an
)1/2
(L)anbn = δ
an
bn
Tr
(1
2
i2(p−N+1)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2〈∂a1 ..∂aLX
i, ∂a1 ..∂aLX
i〉+
i2(p−N+1)ΣNL=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
(Xj1 ..XjH )2〈Fˆ a1..aL , Fˆ a1..aL〉 −
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2
i2(p−N+1)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2γaL−1〈∂a1 ..∂aL−1ψ
i, ∂a1 ..∂aLψ
i〉 −
i2(p−N+1)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
γaL−1(Xj1 ..XjH )2〈 ˆ¯F
a1..aL−1
, ˆ¯F
a1..aL
〉
)
(27)
These actions reduce to the action of Dp-branes (7) for N = 2 and M = 9 and the action of Mp-branes for N = 3
and M = 10 [15–29]. Also, it is clear that for each scalar, there is a fermion, and for each bosonic gauge field with
each rank, there exists a fermionic gauge field with the same rank. This means that these actions are super-symmetric
and the number of degrees of freedom for both fermions and bosons are the same. For β2 6= 0 and βn = 0, n 6= 2, the
above actions can be simplified to:
SGp = −(TGp)
∫
dtβ2
(
δa1,a2b1b2 (δ
b1
a1δ
b2
a2 − δ
b1
a2δ
b2
a1)×
Tr
(1
2
i2(p−N)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2〈∂a1 ..∂aLX
i, ∂a1 ..∂aLX
i〉+
i2(p−N)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
(Xj1 ..XjH )2〈F a1..aL , F a1..aL〉 −
1
2
i2(p−N)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2γaL−1〈∂a1 ..∂aL−1ψ
i, ∂a1 ..∂aLψ
i〉 −
i2(p−N)+1ΣNL=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
γaL−1(Xj1 ..XjH )2〈F¯ a1..aL−1, F¯ a1..aL〉
))
(28)
SAnti−Gp = −(TAnti−Gp)
∫
dtβ2
(
δa1,a2b1b2 (δ
b1
a1δ
b2
a2 − δ
b1
a2δ
b2
a1)×
Tr
(1
2
i2(p−N+1)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2〈∂a1 ..∂aLX
i, ∂a1 ..∂aLX
i〉+
i2(p−N+1)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
(Xj1 ..XjH )2〈Fˆ a1..aL , Fˆ a1..aL〉 −
1
2
i2(p−N+1)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2γaL−1〈∂a1 ..∂aL−1ψ
i, ∂a1 ..∂aLψ
i〉 −
i2(p−N+1)+1ΣNL=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
γaL−1(Xj1 ..XjH )2〈 ˆ¯F
a1..aL−1
, ˆ¯F
a1..aL
〉
))
(29)
Now, we can extract the wave equations from the actions of (28) for branes:
i2(p−N)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2∂2a1 ..∂
2
aLX
i +
i2(p−N)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1∂a1 ..∂aL(X
j1 ..XjH−1)2∂a1 ..∂aLX
i −
i2(p−N)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
(Xj1 ..XjH−1)2〈F a1..aL , F a1..aL〉 = 0
i2(p−N)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2γaL−1∂2a1 ..∂
2
aL−1∂aLψ
i +
i2(p−N)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1∂a1 ..∂aL−1(X
j1 ..XjH−1)2γaL−1∂a1 ..∂aLψ
i −
i2(p−N)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
γaL−1(Xj1 ..XjH−1)2〈F¯ a1..aL−1 , F¯ a1..aL〉 = 0 (30)
Also, the wave equations for anti-branes can be obtained from the action of (29):
i2(p−N)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2∂2a1 ..∂
2
aLX
i +
i2(p−N)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1∂a1 ..∂aL(X
j1 ..XjH−1)2∂a1 ..∂aLX
i −
i2(p−N)ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
(Xj1 ..XjH−1)2〈Fˆ a1..aL , Fˆ a1..aL〉
9i2(p−N)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(X
j1 ..XjH−1)2γaL−1∂2a1 ..∂
2
aL−1∂aLψ
i +
i2(p−N)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1∂a1 ..∂aL−1(X
j1 ..XjH−1)2γaL−1∂a1 ..∂aLψ
i −
i2(p−N)+1ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1
λ2
1.2...N
γaL−1(Xj1 ..XjH−1)2〈 ˆ¯F
a1..aL−1
, ˆ¯F
a1..aL
〉 = 0 (31)
By assuming that all gauge fields are zero (F = F¯ = 0), and substituting ∂ ≡ −iP and X i = eip.x, we obtain the
following relations from equations (30 and 31):
(
ΣNL=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aLP 2a1,brane,boson..P
2
aL,brane,boson +
2ΣNL=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aLPa1,brane,boson..PaL,brane,boson)
j1 ..×
((i)a1+..+aLPa1,brane,boson..PaL,brane,boson)
jH−1 )Pa1,brane,boson..PaL,brane,boson
)
X i = 0
(
ΣNL=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aLiγaL−1P 2a1,brane,fermion..P
2
aL−1,brane,fermionPaL,brane,fermion +
2ΣNL=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aLiγaL−1(((i)a1+..+aL−1Pa1,brane,fermion..PaL−1,brane,fermion)
j1 ..×
((i)a1+..+aL−1Pa1,brane,fermion..PaL−1,brane,fermion)
jH−1)Pa1,brane,fermion..PaL,brane,fermion
)
ψi = 0 (32)
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aLP 2a1,anti−brane,boson..P
2
aL,anti−brane,boson +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aLPa1,anti−brane,boson..PaL,anti−brane,boson)
j1 ..×
((i)a1+..+aLPa1,anti−brane,boson..PaL,anti−brane,boson)
jH−1)Pa1,anti−brane,boson..PaL,anti−brane,boson
)
X i = 0
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL ×
iγaL−1P 2a1,anti−brane,fermion..P
2
aL−1,anti−brane,fermionPaL,brane,fermion +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL ×
iγaL−1(((i)a1+..+aL−1Pa1,anti−brane,fermion..PaL−1,anti−brane,fermion)
j1 ..×
((i)a1+..+aL−1Pa1,anti−brane,fermion..PaL−1,anti−brane,fermion)
jH−1)×
Pa1,anti−brane,fermion..PaL,anti−brane,fermion
)
ψi = 0 (33)
These equations show that momenta for bosons and spinors, and also for branes and anti-branes, are different. For
example, if the energy-momentum tensor on the four dimensional brane contains only one energy with extra (i)factor,
this tensor on a four dimensional anti-brane includes two components of energy with the extra (i)factor. Now, we
compare these wave equations with wave equations in four dimensions:

2X i = 0⇒ P 20X
i = 0
iγµ∂µψ
i = 0⇒ iγµP0,µψ
i = 0 (34)
Comparing the equation (34) with equations (32 and 33), we can obtain the explicit form of the momenta in a four
dimensional universe in terms of the momenta in Lie-N -algebra:
P 20,Uni,boson = Σ
N
L=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aLP 2a1,brane,boson..P
2
aL,brane,boson +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aLPa1,brane,boson..PaL,brane,boson)
j1 ..×
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((i)a1+..+aLPa1,brane,boson..PaL,brane,boson)
jH−1 )Pa1,brane,boson..PaL,brane,boson
P0,Uni,fermion = Σ
N
L=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL ×
P 2a1,brane,fermion..P
2
aL−1,brane,fermionPaL,brane,fermion +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL−1Pa1,brane,fermion..PaL−1,brane,fermion)
j1 ..×
((i)a1+..+aL−1Pa1,brane,fermion..PaL−1,brane,fermion)
jH−1 )Pa1,brane,fermion..PaL,brane,fermion (35)
P 20,anti−Uni,boson = Σ
N
L=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aLP 2a1,anti−brane,boson..P
2
aL,anti−brane,boson +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aLPa1,anti−brane,boson..PaL,anti−brane,boson)
j1 ..×
((i)a1+..+aLPa1,anti−brane,boson..PaL,anti−brane,boson)
jH−1)Pa1,anti−brane,boson..PaL,anti−brane,boson
P0,anti−Uni,fermion = Σ
N
L=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL ×
P 2a1,anti−brane,fermion..P
2
aL−1,anti−brane,fermionPaL,brane,fermion +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL−1 ×
Pa1,anti−brane,fermion..PaL−1,anti−brane,fermion)
j1 ..×
((i)a1+..+aL−1Pa1,anti−brane,fermion..PaL−1,anti−brane,fermion)
jH−1)×
Pa1,anti−brane,fermion..PaL,anti−brane,fermion (36)
These equations show that the momenta in a four dimensional universe can be given in terms of momenta in
Lie-N -algebra. The order of terms depends on the number of dimensions of the brane which our universe is placed
on, and also on the dimensions of the algebra of the universe. Also, bosonic momenta are related to lower orders of
momenta on the brane with respect to fermionic momenta. On the other hand, energy-momentum tensors on the
brane contain less number of timing components (which have extra (i)-factor) with respect to one on the anti-brane.
For this reason, the relations for momenta on the branes and anti-branes are different. Using the above relations, the
modified commutation relations between position coordinates and momenta are:
[x0,aL , P0,Uni,boson] = i~
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aLPa1,brane,boson..PaL−1,brane,boson +
2ΣNL=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
(a1+..+aL)/2(((i)(a1+..+aL)/2Pa1,brane,boson..PaL,brane,boson)
j1/2..×
((i)a1+..+aLPa1,brane,boson..PaL,brane,boson)
jH−1/2)Pa1,brane,boson..PaL−1,brane,boson)
[x0,aL , P0,Uni,fermion] = i~
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL ×
P 2a1,brane,fermion..P
2
aL−1,brane,fermionPaL,anti−brane,fermion +
2ΣNL=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL−1Pa1,brane,fermion..PaL−1,brane,fermion)
j1 ..×
((i)a1+..+aL−1Pa1,brane,fermion..PaL−1,brane,fermion)
jH−1)Pa1,brane,fermion..PaL−1,brane,fermion
)
(37)
[x0,aL , P0,anti−Uni,boson] = i~
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aLPa1,anti−brane,boson..PaL−1,anti−brane,boson +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
(a1+..+aL)/2(((i)(a1+..+aL)/2Pa1,anti−brane,boson..PaL,anti−brane,boson)
j1/2..×
((i)a1+..+aLPa1,anti−brane,boson..PaL,anti−brane,boson)
jH−1/2)Pa1,anti−brane,boson..PaL−1,anti−brane,boson)
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[x0,aL , P0,anti−Uni,fermion] = i~
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL ×
P 2a1,anti−brane,fermion..P
2
aL−1,anti−brane,fermionPaL,anti−brane,fermion +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL−1Pa1,anti−brane,fermion..PaL−1,anti−brane,fermion)
j1 ..×
((i)a1+..+aL−1Pa1,anti−brane,fermion..PaL−1,anti−brane,fermion)
jH−1 )Pa1,anti−brane,fermion..PaL−1,anti−brane,fermion
)
(38)
These equations indicate that commutation relations between coordinates and momenta or GUP in a four dimen-
sional universe can be written in terms of different orders of momenta in a Lie-N -algebra. The order of momenta in
this version of the GUP is related to the number of dimensions of the brane which our universe is located on. Also,
this GUP depends on the dimensions of the algebra and universe, and has a more exact form with respect to other
versions. In this model, bosonic commutation relations depend on lower orders of momenta on the brane with respect
to the fermionic one. On the other hand, because of the difference between the number of timing components, the
GUP on the brane is different from the one on the anti-brane. Thus, the shape of the GUP depends on the behaviour
of particles and changes by changing the properties of the system.
III. CALCULATING THE ENTROPY OF BRANES IN LIE-N-ALGEBRA
In this section, we calculate the entropy of branes in the GUP and show that it includes different orders of area of
branes from zero to N2pM where N is the dimension of the algebra, p is the dimension of the brane and M is the
dimension of the universe. This entropy can be reduced to previous predictions for N = 3 and eleven dimensions of
M -theory. To show this, we replace δp ∼ ( ~δx ) in Eqs. (35 and 36 ) and obtain:
E0,Uni,boson ∼ δP0,Uni,boson =
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(
~
δx
)2a1,brane,boson..(
~
δx
)2aL,brane,boson +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL(
~
δx
)a1,brane,boson..(
~
δx
)aL,brane,boson)
j1 ..×
((i)a1+..+aL(
~
δx
)a1,brane,boson..(
~
δx
)aL,brane,boson)
jH−1 )(
~
δx
)a1,brane,boson..(
~
δx
)aL,brane,boson
)1/2
E0,Uni,fermion ∼ δP0,Uni,fermion = Σ
N
L=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL ×
(
~
δx
)2a1,brane,fermion..(
~
δx
)2aL−1,brane,fermion(
~
δx
)aL,brane,fermion +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL−1(
~
δx
)a1,brane,fermion..(
~
δx
)aL−1,brane,fermion)
j1 ..×
((i)a1+..+aL−1(
~
δx
)a1,brane,fermion..(
~
δx
)aL−1,brane,fermion)
jH−1 )(
~
δx
)a1,brane,fermion..(
~
δx
)aL,brane,fermion (39)
E0,anti−Uni,boson ∼ δP0,anti−Uni,boson =
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
×
ΣMj1..jH=p+1(−1)
a1+..+aL(
~
δx
)2a1,anti−brane,boson..(
~
δx
)2aL,anti−brane,boson +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL(
~
δx
)a1,anti−brane,boson..(
~
δx
)aL,anti−brane,boson)
j1 ..×
((i)a1+..+aL(
~
δx
)a1,anti−brane,boson..(
~
δx
)aL,anti−brane,boson)
jH−1 )(
~
δx
)a1,anti−brane,boson..(
~
δx
)aL,anti−brane,boson
)1/2
E0,anti−Uni,fermion = δP0,anti−Uni,fermion = Σ
N
L=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL ×
(
~
δx
)2a1,anti−brane,fermion..(
~
δx
)2aL−1,anti−brane,fermion(
~
δx
)aL,brane,fermion +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL−1(
~
δx
)a1,anti−brane,fermion..(
~
δx
)aL−1,anti−brane,fermion)
j1 ..×
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((i)a1+..+aL−1(
~
δx
)a1,anti−brane,fermion..(
~
δx
)aL−1,anti−brane,fermion)
jH−1)×
(
~
δx
)a1,anti−brane,fermion..(
~
δx
)aL,anti−brane,fermion (40)
On the other hand, the area of each brane can be obtained as: (( A
Lpp
)brane =
1
2 ((
A
Lpp
)brane,fermionic+(
A
Lpp
)brane,bosonic))
in which ( A
Lpp
)brane,fermionic denotes the area of the brane which be observed by fermions and (
A
Lpp
)brane,bosonic is the
area of the brane which is observed by bosons. Also, ( A
Lpp
)brane,fermionic/bosonic ≈ δx1..δxp and thus δx ≈ (
A
Lpp
)1/p.
We can rewrite equations (39 and 40) in terms of the area of the branes as:
EUni,boson ∼ δP0,Uni,boson =
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL ×
(
~
( A
Lpp
)1/p
)2a1,brane,boson..(
~
( A
Lpp
)1/p
)2aL,brane,boson +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL ×
(
~
( A
Lpp
)1/p
)a1,brane,boson..(
~
( A
Lpp
)1/p
)aL,brane,boson)
j1 ..×
((i)a1+..+aL(
~
( A
Lpp
)1/p
)a1,brane,boson..(
~
( A
Lpp
)1/p
)aL,brane,boson)
jH−1 )(
~
( A
Lpp
)1/p
)a1,brane,boson..(
~
( A
Lpp
)1/p
)aL,brane,boson
)1/2
EUni,fermion ∼ δP0,Uni,fermion = Σ
N
L=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL ×
(
~
( A
Lpp
)1/p
)2a1,brane,fermion..(
~
( A
Lpp
)1/p
)2aL−1,brane,fermion(
~
( A
Lpp
)1/p
)aL,brane,fermion +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL−1 ×
(
~
( A
Lpp
)1/p
)a1,brane,fermion..(
~
( A
Lpp
)1/p
)aL−1,brane,fermion)
j1 ..×
((i)a1+..+aL−1(
~
( A
Lpp
)1/p
)a1,brane,fermion..(
~
( A
Lpp
)1/p
)aL−1,brane,fermion)
jH−1 )×
(
~
( A
Lpp
)1/p
)a1,brane,fermion..(
~
( A
Lpp
)1/p
)aL,brane,fermion
(41)
Eanti−Uni,boson ∼ δP0,anti−Uni,boson =
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
×
ΣMj1..jH=p+1(−1)
a1+..+aL(
~
( A
Lpp
)1/p
)2a1,anti−brane,boson..(
~
( A
Lpp
)1/p
)2aL,anti−brane,boson +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL(
~
( A
Lpp
)1/p
)a1,anti−brane,boson..(
~
( A
Lpp
)1/p
)aL,anti−brane,boson)
j1 ..×
((i)a1+..+aL(
~
( A
Lpp
)1/p
)a1,anti−brane,boson..(
~
( A
Lpp
)1/p
)aL,anti−brane,boson)
jH−1 )×
(
~
( A
Lpp
)1/p
)a1,anti−brane,boson..(
~
( A
Lpp
)1/p
)aL,anti−brane,boson
)1/2
Eanti−Uni,fermion = δP0,anti−Uni,fermion = Σ
N
L=0Σ
N−L
H=0 Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL ×
(
~
( A
Lpp
)1/p
)2a1,anti−brane,fermion..(
~
( A
Lpp
)1/p
)2aL−1,anti−brane,fermion(
~
( A
Lpp
)1/p
)aL,brane,fermion +
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2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
a1+..+aL(((i)a1+..+aL−1(
~
( A
Lpp
)1/p
)a1,anti−brane,fermion ×
..(
~
( A
Lpp
)1/p
)aL−1,anti−brane,fermion)
j1 ..×
((i)a1+..+aL−1(
~
( A
Lpp
)1/p
)a1,anti−brane,fermion..(
~
( A
Lpp
)1/p
)aL−1,anti−brane,fermion)
jH−1 )×
(
~
( A
Lpp
)1/p
)a1,anti−brane,fermion..(
~
( A
Lpp
)1/p
)aL,anti−brane,fermion (42)
These equations show that the energy of bosons and fermions have a direct relation with different orders of ( A
Lpp
)−1,
where ( A
Lpp
) is the area of the universe. This is because for small area, particles are very close to each other, interact
more and the energy of the system increases, while for large area, particles become distant, interact less and the
energy of the system decreases. Previously it has been shown that the entropy of the system can be obtained from
the following relation [30]:
S¯ ≈
∫
d(
A
Lpp
)
(∆S¯)min
(∆( A
Lpp
))min
(43)
In agreement with the results of information theory [30, 31], we can predict that the minimal increase of entropy
should be independent of the value of the area, simply one bit of information; let us assume this fundamental unit of
entropy as (∆S¯)min = b = ln 2. On the other hand, for a system which includes particles with energy E and length
δx, the minimum increase in area can be given by [30]:
(∆(
A
Lpp
))min = 8piL
2
pEδx = 8piL
2
p
1
2
(EUni,boson + EUni,fermion)δx =
8piL2p
1
2
(EUni,boson + EUni,fermion)(
A
Lpp
)−1/p (44)
Thus, entropy for branes and anti-branes can be obtained as:
S¯Universe ≈
∫
d(
A
Lpp
)
b
8piL2p
1
2 (EUni,boson + EUni,fermion)(
A
Lpp
)−1/p
≈
b
8piL2p
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
(a1+..+aL)/2(
1
(a1 + ..aL)/p+ 1
)(~−(a1+..aL)(
A
Lpp
)
(a1+..aL)/p+1
brane,boson ) +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
(a1+..+aL)/2(((i)(a1+..aL)(j1+...jH−1+1)/2(~(a1+..aL)(j1+...jH−1+1) ×
(
1
(a1 + ..aL)(j1 + ...jH−1 + 1)/2p+ 1
)(
A
Lpp
)
(a1+..aL)(j1+...jH−1+1)/2p+1
brane,boson
)
+(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
(a1+..+aL) ×
(
1
(2a1 + ..2aL−1 + aL)/p+ 1
)(~−(2a1+..2aL−1+aL)(
A
Lpp
)
(2a1+..2aL−1+aL)/p+1
brane,fermion ) +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
(a1+..+aL)/2(((i)(a1+..aL−1)(j1+...jH−1+1)(~(a1+..aL)(j1+...jH−1+1) ×
(
1
((a1 + ..aL−1)(j1 + ...jH−1 + 1) + aL)/p+ 1
)(
A
Lpp
)
((a1+..aL−1)(j1+...jH−1+1)+aL)/p+1
brane,fermion
)
(45)
S¯anti−Universe ≈
∫
d(
A
Lpp
)
b
8piL2p
1
2 (Eanti−Uni,boson + Eanti−Uni,fermion)(
A
Lpp
)−1/p
≈
b
8piL2p
(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
(a1+..+aL)/2(
1
(a1 + ..aL)/p+ 1
)(~−(a1+..aL)(
A
Lpp
)
(a1+..aL)/p+1
anti−brane,boson) +
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2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
(a1+..+aL)/2(((i)(a1+..aL)(j1+...jH−1+1)/2(~(a1+..aL)(j1+...jH−1+1) ×
(
1
(a1 + ..aL)(j1 + ...jH−1 + 1)/2p+ 1
)(
A
Lpp
)
(a1+..aL)(j1+...jH−1+1)/2p+1
anti−brane,boson
)
+(
ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1 ×
(−1)(a1+..+aL)(
1
(2a1 + ..2aL−1 + aL)/p+ 1
)(~−(2a1+..2aL−1+aL)(
A
Lpp
)
(2a1+..2aL−1+aL)/p+1
anti−brane,fermion ) +
2ΣNL=0Σ
N−L
H=0Σ
p
a1..aL=0
ΣMj1..jH=p+1(−1)
(a1+..+aL)/2(((i)(a1+..aL−1)(j1+...jH−1+1)(~(a1+..aL)(j1+...jH−1+1) ×
(
1
((a1 + ..aL−1)(j1 + ...jH−1 + 1) + aL)/p+ 1
)(
A
Lpp
)
((a1+..aL−1)(j1+...jH−1+1)+aL)/p+1
anti−brane,fermion
)
(46)
These equations show that the predicted entropy on the universe is different from the one on the anti-universe. This
is because areas of the brane on which our universe is located have less timing coordinates with respect to areas of
the anti-brane on which the anti-universe is placed. On the other hand, the surface area, which is seen by fermions is
different from the surface that is observed by bosons. These entropies depend on fermionic and bosonic areas, whose
order changes from zero to higher values depending on the number of dimensions of branes and the Lie-algebra.
IV. SUMMARY AND CONCLUSION
In this research, we have shown that the GUP can arise during the formation of branes and anti-branes in an
M -dimensional universe whose fields obey a Lie-N -algebra. The order of terms in the GUP changes from zero to
higher numbers whose values depend on the number of dimensions of branes (p), number of dimensions of the universe
(M) and dimensions of the Lie-algebra (N). For N = 3 and an 11-dimensional universe, the results are consistent
with M -theory. In this model, firstly, two energies with opposite signs are created from nothing, excited and produce
various branes and anti-branes with different timing dimensions and quantum numbers. The related actions for
these branes contain various derivatives of bosonic fields which cause the production of terms with different orders of
momenta in momentum space. This is known as the generalized uncertainty principle or GUP. By compacting branes,
various derivatives of fermions are produced which lead to the creation of different orders of momenta for spinors,
and consequently the emergence of a fermionic GUP. We have calculated the entropy of the branes, and find that the
number of terms depend upon the the dimension of the branes and the applied algebra. In fact, with increasing the
number of dimensions of the branes, higher orders of their areas appear, and the entropy increases.
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